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What we are preparing for

Higgs self interaction is key to
understanding of EW sector

Measurement will require careful
combination of many analyses
with full HL-LHC data set

Heavy flavor channels needed
for high statistical significance

HH Decay
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attribute of the system. Massive plasmons are manifest 
through the exponential decrease of the magnetic field 
inside the superconductor (the Meissner effect).

The extension of this physics to relativistic 
dynamics18–21 has been introduced to provide a consist-
ent model of weak interactions in particle physics32–35. 
Contrary to the BCS case, the weak interaction requires 
the introduction of an additional fundamental scalar 
field. A dynamic explanation of the Higgs mechanism 
using BCS theory would be a major breakthrough and 
is one of the fundamental motivations to measure with 
the highest possible precision the properties of the 
Higgs particle. For a more detailed history of theoretical 
developments, see ref.36.

For weak interactions the gauge group is SU(2). There 
are three massless Goldstone modes, which combine to 
form the massive W charged bosons and the massive Z.  
The massless photon and neutral Z boson are linear 
combinations of the neutral weak SU(2) gauge boson 
and a U(1) gauge boson called hypercharge. Within 
the SM, the BEH mechanism is also important for the 
fermion masses, something required by parity viola-
tion of weak interactions37. The weak interaction gauge 
bosons couple to SU(2) doublets of left-​handed leptons 
and quarks, whereas right-​handed fermions are weak 
interaction neutral. Singlet mass terms for the charged 
fermions are constructed by contracting the left-​handed 
fermion doublets with the SU(2) Higgs doublet, includ-
ing the VEV, and then multiplying by the right-​handed 
fermion. The SM particle masses are:
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Here g and ′g  are the SU(2) and U(1) gauge coupl
ings and yf denotes the fermion Yukawa coupling to the 
Higgs boson. Without considering the tiny neutrino 
masses, the SM has 18 parameters: 3 gauge couplings 
and 15 in the Higgs sector (6 quark masses, 3 charged 
leptons, 4 quark mixing angles including 1 CP-​violating 
complex phase, the W and Higgs masses). There is a 

wide range of masses with mW = 80 GeV, mZ = 91 GeV, 
mH = 125 GeV and the charged fermion masses ranging 
from 0.5 MeV for the electron up to 173 GeV for the 
top quark. The Higgs VEV v = 246 GeV. In natural units 
v G= ( 2 )F

−1
2 , where GF is the Fermi coupling constant 

of weak interactions.
Small changes in the Higgs couplings and particle 

masses can lead to a very different Universe, assuming 
that the vacuum remains stable. One example is that 
small changes in the light-​quark masses can prevent Big 
Bang nucleosynthesis38. Once radiative corrections are 
taken into account, the stability of the Higgs vacuum is 
very sensitive to the value of the top quark mass. Vitally, 
the Higgs boson cannot be too heavy to do its job of 
maintaining perturbative unitarity. If the Higgs boson 
had not been found at the LHC, new strong dynam-
ics would have been needed in the energy range of the 
experiments, for example, involving strongly interacting 
W+W− scattering with the Higgs boson replaced by some 
broad resonance in the WW system39.

In contrast to particle physics, where the Higgs boson 
is treated as an elementary particle, in condensed matter 
systems, the Higgs boson forms as a collective mode40. 
Following the Higgs boson discovery in high-​energy 
physics, collective Higgs states have been observed in 
superconductors41; for discussion see refs42–44.

Discovery and first measurements
More than 40 years after the original postulation of the 
electroweak symmetry breaking through the BEH mech-
anism, the first potential experimental observation of 
its predictions was announced by the ATLAS and CMS 
experiments on 4 July 2012. The LHC is a circular parti-
cle accelerator, colliding proton beams at centre-​of-​mass 
energies of 7 TeV and 8 TeV (in run 1, 2010−2012) and 
13 TeV (in run 2, 2015−2018) to search for new parti-
cles and phenomena45. The ATLAS46 and CMS47 experi-
ments are two general-​purpose detectors making use of 
the highest luminosities (high rates of collision events) 
at the LHC.

The announcement from ATLAS and CMS was 
based on the data collected in run 1, which was suffi-
cient for both experimental collaborations to claim inde-
pendently the observation of a new particle, that is, with 
a significance of the result of more than five standard 
deviations, or 5σ, away from a background-​only result, 
meaning that the chance of this result being due to a 
fluctuation of the background is less than 1 in 3,500,000. 
Measurements that give a significance above 3σ are 
considered as evidence.

According to the SM, a Higgs boson with mass about 
125 GeV produced in a proton−proton collision has a 
lifetime of only about 1.6 × 10−22 seconds, after which 
it disintegrates into particles that are recorded by the 
detectors. The 2012 ATLAS and CMS data showed that 
the new particle had a mass of around 125 GeV (about 
133 times the mass of a proton) and decayed into vector 
bosons, namely a pair of photons, W bosons or Z bos-
ons, exactly as predicted by the SM theory, and there-
fore was labelled ‘a Higgs boson candidate’. The observed 
decay into two photons meant that the new particle 
could not have spin one, according to the Landau−Yang 
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Fig. 1 | The Higgs potential and its sensitivity to quantum corrections. a | The Higgs 
potential V(ϕ) for the scalar field ϕ for mass parameter μ2 < 0; see equation (1). Choosing 
any of the points at the bottom of the potential spontaneously breaks the rotational U(1) 
symmetry. b | Quantum corrections can change the shape of the Higgs potential. Here 
the minimum of “our vacuum” is taken at ϕ = v

2
∣ ∣  with v = 246 GeV. When quantum 

corrections to standard model couplings are included, the vacuum may develop  
a second minimum, leading to vacuum metastability. Panel a © 2015–2021 CERN  
(License: CC-BY-4.0). Panel b reprinted with permission from ref.208, APS Physics.

Radiative corrections
Quantum fluctuations in  
the intermediate state of the 
particle interactions.
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Predictions for heavy quark
production as part of inclusive
heavy plus light flavor jets difficult
to obtain at high precision

Precise extraction of / limit setting
on triple Higgs coupling depends
crucially on understanding of all
final states
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What we are preparing for

Unprecedented luminosity at
Tera-Z option of a potential
FCC-ee would leave no room for
mis-modeling of non-perturbative
QCD effects

[CERN] https://home.cern/science/accelerators/

FCC Week, SF, June'24                                                          David d'Enterria (CERN)4/24

Higgs boson at the FCC-ee (II)Higgs boson at the FCC-ee (II)
■ Do the lightest fermions (u,d,s,e) acquire their masses through their 
   Higgs (Yukawa) couplings?

■ Does the Higgs boson mediate 
    H→qq’ FCNCs at tree level?
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[D. d’Enterria] FCC week ’24

Extraction of Higgs Yukawa
couplings would depend on
precise modeling of light / heavy
flavor jet production and flavor
dynamics
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Near-term focus of the Alaric project

Parton shower at high theoretical precision
Increased logarithmic accuracy
Fully differential splittings at NLO

Fixed-order matching and merging
Automatic MC@NLO at fixed jet multiplicity
MEPS@NLO for combination of multiplicities

Integration into Sherpa event generator
Matching, merging & fusing for heavy quarks
Hadronization tunes
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Evolution with massless quarks



Additive soft-collinear matching

[Marchesini,Webber] NPB310(1988)461

Soft gluon radiator can be written in terms of energies and angles

JµJ
µ → pipk

(pipj)(pjpk)
=

Wik,j

E2
j

Angular “radiator” function

Wik,j =
1− cos θik

(1− cos θij)(1− cos θjk)

Divergent as θij → 0 and as θjk → 0

→ Expose individual collinear singularities using Wik,j = W̃ i
ik,j + W̃k

ki,j

W̃ i
ik,j =

1

2

[
1− cos θik

(1− cos θij)(1− cos θkj)
+

1

1− cos θij
− 1

1− cos θkj

]
Divergent as θij → 0, but regular as θkj → 0
Convenient properties upon integration over azimuthal angle
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Additive soft-collinear matching
Work in a frame where direction of p⃗i aligned with z-axis

cos θkj = cos θ i
k cos θ i

j + sin θ i
k sin θ i

j cosϕ i
kj

pj

pi

pk

ϕ

Integration over ϕj yields

1

2π

∫ 2π

0
dϕ i

kjW̃
i
ik,j =

1

1− cos θ i
j

×
{

1 if θ i
j < θ i

k

0 else
On average, no radiation outside cone defined by parent dipole
Differential radiation pattern more intricate:
Positive & negative contributions outside cone sum to zero
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Multiplicative soft-collinear matching
[Herren,Krauss,Reichelt,Schönherr,SH] arXiv:2208.06057

Alternative to additive matching: partial fraction matrix element & match
to collinear sectors [Ellis,Ross,Terrano] NPB178(1981)421, [Catani,Seymour] hep-ph/9605323

Wik,j

E2
j

→ 1

pipj

pipk

(pi + pk)pj
+

1

pkpj

pipk

(pi + pk)pj

+

k j i k j i k j i

Captures matrix element both in angular ordered and unordered region
Caveat: Oversampling difficult for certain kinematics maps

Separate into energy & angle first
Partial fraction angular radiator only: Wik,j = W̄ i

ik,j + W̄k
ki,j

W̄ i
ik,j =

1− cos θik

(1− cos θij)(2− cos θij − cos θkj)

Bounded by (1− cos θij)W̄
i
ik,j < 2

Strictly positive
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Multiplicative soft-collinear matching

Integration over ϕj yields

1

2π

∫ 2π

0
dϕ i

kjW̄
i
ik,j =

1

1− cos θ i
j

1√
(Ā i

ij,k)
2 − (B̄ i

ij,k)
2

pj

pi

pk

ϕ

Radiation across all of phase space
Probabilistic radiation pattern

Ā i
ij,k =

2− cos θ i
j (1 + cos θ i

k)

1− cos θ i
k

B̄ i
ij,k =

√
(1− cos2 θ i

j )(1− cos2 θ i
k)

1− cos θ i
k
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Kinematics mapping

K̃ p̃i

p̃k

φ

n pi

pk~kT pj

K−~kT

In collinear limit, splitting kinematics defined by (n→ auxiliary vector)

pi
i||j−→ z p̃i , pj

i||j−→ (1− z) p̃i where z =
pin

(pi + pj)n

Parametrization, using hard momentum K̃

pi = z p̃i , n = K̃ + (1− z) p̃i

Using on-shell conditions & momentum conservation (κ = K̃2/(2p̃iK̃))

pj = (1− z) p̃i + v
(
K̃ − (1− z + 2κ) p̃i

)
+ k⊥

K = K̃ − v
(
K̃ − (1− z + 2κ) p̃i

)
− k⊥

Momenta in K̃ Lorentz-boosted to new frame K [Catani,Seymour] hep-ph/9605323

pµl → Λµ
ν(K, K̃) pνl , Λµ

ν(K, K̃) = gµν − 2(K + K̃)µ(K + K̃)ν

(K + K̃)2
+

2K̃µKν

K2
.
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Recoil safety – Analytic proof

Logarithmic accuracy of parton shower can be quantified by comparing
results to (semi-)analytic resummation e.g. [Banfi,Salam,Zanderighi] hep-ph/0407286

Example: Thrust or FC0 in e+e− →hadrons

Define a shower evolution variable ξ = k2T /(1− z)

Parton-shower one-emission probability for ξ > Q2τ

RPS(τ) = 2

∫ Q2

Q2τ

dξ

ξ

∫ zmax

zmin

dz
αs
(
k2T
)

2π
CF

[
2

1− z
− (1 + z)

]
Θ(η)

Approximate to NLL accuracy

RNLL(τ) = 2

∫ Q2

Q2τ

dξ

ξ

[∫ 1

0
dz

αs
(
k2T
)

2π

2CF

1− z
Θ(η)− αs(ξ)

π
CFBq

]
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Recoil safety – Analytic proof

Cumulative cross section Σ(τ) = e−R(τ)F (τ) obtained from all-orders
resummed result by Taylor expansion of virtual corrections in cutoff ε

F(τ) =

∫
d3k1|M(k1)|2 e−R′ ln τ

εv1

∞∑
m=0

1

m!

(m+1∏
i=2

∫ v1

εv1

d3ki|M(ki)|2
)

×Θ
(
τ − V ({p}, k1, . . . , kn)

)
F(τ) is pure NLL & accounts for (correlated) multiple-emission effects

In order to make F(τ) calculable, make the following assumptions
Observable is recursively infrared and collinear safe
Hold αs(Q2) ln τ fixed, while taking limit τ → 0

→ Can factorize integrals and neglect kinematic edge effects

Can be interpreted as αs → 0 or s → ∞ limit
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Recoil safety – Analytic proof
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Figure 3: Left: three momenta in the η-ln(kt/Q) plane. Right: those same three momenta after

a common generalised rescaling ρ has been applied to them; the dotted lines indicate the paths

taken in the η-ln(kt/Q) plane due to the rescaling. For each emission, the vertical distance to the

dashed boundary is identical in the left and right-hand diagrams, consistent with a common scaling

ρ having been applied to all emissions.

This forms yet another part of the rIRC safety conditions.15 It may not be obvious why it

should ever hold, nevertheless, it is satisfied for all commonly-studied event shapes. In the

case of observables whose definitions involve just linear functions of the momenta, it can

be understood as a direct consequence of this linearity.

The importance of eq. (2.40) is, in part, that it allows us to divide the integral over

k1 into an integral over the value of v1 (or rather, over ρ = v1/v) and an integral over the

remaining degrees of freedom of k1,

F =

∫
dρ

ρ

∫
[dk1] |M2

rc(k1)|δ
(

ln
v1

v

)
eR
′ ln ρε

∞∑

m=0

1

m!

(
m+1∏

i=2

∫ v

εv
[dki] |M2

rc(ki)|
)
×

×Θ(v − ρV ({p̃}, k1, . . . , km+1)) , (2.41)

where a change of variables has been carried out, ki → k
(1/ρ)
i , giving V ({p̃}, ki) →

ρV ({p̃}, k(1/ρ)
i ), and then the k

(1/ρ)
i have been renamed ki so as to simplify the notation.

We assume that the integral will be dominated by values of ρ ∼ 1 (expressing the earlier

assumption that v1 ∼ v), which ensures that the neglected corrections to the [dki] |M2
rc(ki)|

from the rescaling have at most a NNLL effect.

15Strictly speaking, certain exceptions are allowed to the condition as formulated here. In particular for

configurations in which two emissions are close in rapidity (a rare occurrence) the condition, as formu-

lated, is not necessary because the associated correction is a NNLL effect, of the kind already discussed in

section 2.2.1. A more general formulation of the condition is given below.

– 25 –

αs → 0 / s→ ∞ limit taken by similarity transformation of Lund plane
Can be parametrized in terms of scaling parameter ρ

kt,l → k′t,l = kt,lρ
(1−ξl)/a+ξl/(a+b)

ηl → η′l = η − ξl
ln ρ

a+ b
, where ξ =

η

ηmax

observable parametrization at one-emission level: v = (k2t /Q
2)a exp(−bη)

NLL precision requires scaling to be maintained after additional emissions
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Recoil safety – Analytic proof
Lorentz transformation defined by shift K̃ → K

Kµ = K̃µ −Xµ , where Xµ = pµj − (1− z) p̃µi

X is small, but is it small enough? Rewrite

Λµ
ν(K, K̃) = gµν + K̃µAν +XµBν

In NLL limit, coefficients scale as

Aν ρ→0−→ 2
K̃X

K̃2

K̃ν

K̃2
− Xν

K̃2
, and Bν ρ→0−→ K̃ν

K̃2
.

Simplify situation by taking a = 1, b = 0 (worst offenders)
Relative momentum shift of soft emission particle l becomes

∆p0,3l /p̃0,3l ∼ ρ1−max(ξi,ξj)
ρ→0−→ 0

∆p1,2l /p̃1,2l ∼ ρ1−ξl
ρ→0−→ 0

For hard momenta, leading terms in Xµ cancel exactly
Remaining components scale as ρ or stronger
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e+e− →hadrons
[Herren,Krauss,Reichelt,Schönherr,SH] arXiv:2208.06057
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e+e− →hadrons
[Herren,Krauss,Reichelt,Schönherr,SH] arXiv:2208.06057
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Evolution with massive quarks
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Additive soft-collinear matching
[Marchesini,Webber] NPB330(1990)261

Singularity in angular radiator screened by velocity → deadcone θ0 ≈ m/E

Wik,j =
1− vivk cos θik

(1− vi cos θij)(1− vk cos θjk)
− (1− v2i )/2

(1− vi cos θij)2
− (1− v2k)/2

(1− vk cos θjk)2

Quasi-collinear divergence if mQ ∝ kT as kT → 0
→ Expose individual singularities via Wik,j = W̃ i

ik,j + W̃k
ki,j

W̃ i
ik,j =

1

2(1− vi cos θij)

[(
1− vivk cos θik

1− vk cos θkj
− 1− v2i

1− vi cos θij

)
+ 1− 1− vi cos θij

1− vk cos θkj

]
Approximate angular ordering after azimuthal averaging

v2 = 1−m2
b/m

2
Z v2 = 1−m2

t/(350 GeV)2

-1.0
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0.5
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Multiplicative soft-collinear matching
[Assi,SH] arXiv:2307.00728

Alternative approach: separate into energy & angle first
Partial fraction angular radiator only: Wik,j = W̄ i

ik,j + W̄k
ki,j

W̄ i
ik,j =

1− vk cos θkj

2− vi cos θij − vk cos θkj
Wik,j

Can be written in more intuitive form (nµ defines reference frame)

W̄ i
ik,j =

1

2lilj

(
l2ik
liklj

− l2i
lilj

− l2k
lklj

)
, where lµi =

√
n2

pµi
pin

Quasi-collinear limit manifest
W̄ik,j

E2
j

i||j−→
mi∝pipj

w
(coll)
ik,j (z) :=

1

2pipj

(
2z

1− z
− m2

i

pipj

)
Matching to massive DGLAP splitting functions

P(ij)i(z, ε)

(pi + pj)2 −m2
ij

→
P(ij)i(z, ε)

(pi + pj)2 −m2
ij

+ δ(ij)i T
2
i

[
W̄ i

ik,j

E2
j

− w
(coll)
ik,j (z)

]
,
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e+e− →hadrons
[Assi,SH] arXiv:2307.00728
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Matching and Merging
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Leading order multi-jet merging

ME

P
S LO

LO

LO

LO

LO

LO LO
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Leading order multi-jet merging

[André,Sjöstrand] hep-ph/9708390

Start with a “core” process
for example e+e− → qq̄

This process is considered inclusive
It sets the resummation scale µ2

Q

Higher-multiplicity ME can be
reduced to core by clustering

Identify most likely splitting
according to PS emission probability
Combine partons into mother
according to PS kinematics
Continue until core process reached

?

cluster once
find some kT

?

kT

cluster twice
find some k′T

k′T

kT
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Leading order multi-jet merging

[Catani,Krauss,Kuhn,Webber] hep-ph/0109231, [Lönnblad] hep-ph/0112284

Fixed-order calculation lacks resummed virtual corrections

Most efficiently computed using pseudo-showers

Start PS from core process

Evolve until predefined branching
↔ truncated parton shower

Emissions that would produce
additional hard jets
lead to event rejection (veto)

↔ N3LO
treeLO

t′

t

Truncated unvetoed parton shower is ill-defined (↗ PSR school)

Alaric uses CKKW-L solution [Lönnblad] hep-ph/0112284
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Drell-Yan lepton pair production
[Krauss,Reichelt,SH] arXiv:2404.14360
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Leading-order multi-jet merging with up to two jets
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Jet production
[Krauss,Reichelt,SH] arXiv:2404.14360
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MC@NLO matching
P
S BVI

BVI

BVI

R − S

R − S
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MC@NLO matching

[Frixione,Webber] hep-ph/0204244

Matched prediction given by MC@NLO master formula

⟨O⟩ =
∫

dΦB B̄(K)(ΦB)F (0)
MC(µ

2
Q, O) +

∫
dΦR H(K)(ΦR)F (1)

MC(t(ΦR), O)

NLO-weighted Born cross section and hard remainder defined as

B̄(K)(ΦB) = B(ΦB) + Ṽ(ΦB) + I(ΦB) +

∫
dΦ1

[
B(ΦB)K(Φ1)− S(ΦR)

]
H(K)(ΦR) = R(ΦR)− B(ΦB)K(Φ1)

Parton shower described by generating functional FMC

⟨O⟩ =
∫

dΦB B̄(K)(ΦB)F (0)
MC(µ

2
Q, O) +

∫
dΦR H(K)(ΦR)F (1)

MC(t(ΦR), O)

Probability conservation: FMC(t, 1) = 1 → cross section correct at NLO

Parametrically O(αs) correct, preserves logarithmic accuracy of PS
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MC@NLO matching
Insertion operators have simple analytic form

I = −αs

2π

1

Γ(1− ε)

(
4πµ2

sik

)ε ∑
i,k ̸=i

TĩTk

T2
ĩ

(
Isoft
i,k + Icoll

(ij)i

)
Soft

Isofti,k =
1

ε2
+

2

ε
+ 6− π2

2
− 2Re

{
Li2

1 + ρ

ρ

}
+ 2 (1 + ρ+ log |ρ|) log 1 + ρ

ρ

+ Li2

(
1− µK

ρτ

)
+

1

2
ln2
( ρ
τ

)
+ (asymmetric under ρ ↔ τ)

Collinear

Icollqq (κ̂) = − 1

2ε
− 1− 1

2
log

sik

Q2
+ log (1− κ̂) +

1

2

κ̂ log κ̂

1− κ̂

Icollgg (κ̂) = − 1

6ε
− 1

6
log

sik

Q2
− 8

18

1− κ̂/4

1− κ̂
− κ̂3/2

3

arcsin
√
κ̂− π/2

(1− κ̂)3/2
+

1

3
log(1− κ̂)

Icollgq (κ̂) = − 2

3ε
− 2

3
log

sik

Q2
− 16

9

1− 11κ̂/8

1− κ̂
+

2κ̂3/2

3

arcsin
√
κ̂− π/2

(1− κ̂)3/2

+
1

3
log(1− κ̂) +

κ̂ log κ̂

1− κ̂
.
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e+e− →hadrons
[Krauss,Meinzinger,Reichelt,SH] TBP
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Radiation & splitting separated [Assi,SH] arXiv:2307.00728
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e+e− →hadrons
[Krauss,Meinzinger,Reichelt,SH] TBP
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Next-to-leading order multi-jet merging

ME

P
S NLO

NLO

NLO

NLO

NLO

NLO NLO
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e+e− →hadrons
[Krauss,Meinzinger,Reichelt,SH] TBP
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e+e− →hadrons
[Krauss,Meinzinger,Reichelt,SH] TBP
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Towards fully differential NLO

32



Collinear evolution at NLO

Higher-order DGLAP evolution kernels from factorization
[Curci,Furmanski,Petronzio] NPB175(1980)27, [Floratos,Kounnas,Lacaze] NPB192(1981)417

D
(0)
ji (z, µ) = δijδ(1− z) ↔

j
z

/
i

1

D
(1)
ji (z, µ) =− 1

ε
P

(0)
ji (z) ↔

i
zj

/
i

1

D
(2)
ji (z, µ) =− 1

2ε
P

(1)
ji (z) +

β0

4ε2
P

(0)
ji (z) +

1

2ε2

∫ 1

z

dx

x
P

(0)
jk (x)P

(0)
ki (z/x)

↔
(

i
zj

+
i

zj

) /
i

1

In NLO parton shower, perform computation of P (1)
ji fully differentially

using modified dipole subtraction [Catani,Seymour] hep-ph/9605323

33

http://inspirebeta.net/search?action_search=Search&p=Nucl Phys B,175 27
http://inspirebeta.net/search?action_search=Search&p=Nucl Phys B,192 417
http://inspirebeta.net/search?action_search=Search&p=hep-ph/9605323


Collinear evolution at NLO
[Prestel,SH] arXiv:1705.00742

Schematically very similar to Catani-Seymour dipole subtraction
e.g. simplest case of flavor-changing quark splitting

P
(1)
qq′ (z) = Cqq′ (z) + Iqq′ (z) +

∫
dΦ+1

[
Rqq′ (z,Φ+1)− Sqq′ (z,Φ+1)

]
Real correction Rqq′ and subtraction terms Sqq′

given by 1 → 3 splitting and factorized expression
Integrated subtraction term and factorization counterterm

Iqq′ (z) =

∫
dΦ+1Sqq′ (z,Φ+1)

Cqq′ (z) =

∫
z

dx

x

(
P

(0)
qg (x) + εJ (1)

qg (x)
) 1

ε
P

(0)
gq (z/x)

J (1)
qg (z) = 2CF

(
1 + (1− x)2

x
ln(x(1− x)) + x

)

All components of P (1)
ij eventually finite in 4 dimensions

Can be simulated fully differentially in parton shower
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Soft evolution at NLO
[Catani,Grazzini] hep-ph/9908523

Real-emission corrections can be written in convenient form

S(qq̄)
ij (1, 2) = − sij

(si1 + si2)(sj1 + sj2)

TR

s12

(
1− 4 z1z2 cos

2 ϕ12,ij

)
S(gg)
ij (1, 2) = S(s.o.)

ij (1, 2)
CA

2

(
1 +

si1sj1 + si2sj2

(si1 + si2)(sj1 + sj2)

)
+

sij

(si1 + si2)(sj1 + sj2)

CA

s12

(
− 2 + 4 (1− ε) z1z2 cos

2 ϕ12,ij

)
Strongly ordered and spin correlation components

S(s.o.)
ij (1, 2) =

sij

si1s12sj2
+

sij

sj1s12si2
−

s2ij

si1sj1si2sj2

4 z1z2 cos
2 ϕ12,ij =

(si1sj2 − si2sj1)
2

s12sij(si1 + si2)(sj1 + sj2)

Apparently simple structure, but unlike collinear NLO results
not fully reflected by iterated leading-order splitting kernels
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Soft evolution at NLO
[Dulat,Prestel,SH] arXiv:1805.03757

After re-arrangement and addition of weight factors
obtain a set of NLO-weighted LO splitting functions

(Pqq)
k
i (1, 2) = CF

(
2 si2

si1 + s12

w12
ik + w̄12

ik

2

)
+ P

(slc)
ik (1, 2)

(Pgg)ij(1, 2) = CA

(
2 si2

si1 + s12

w12
ij + w̄12

ij

2
+ w12

ij

(
−1 + z(1− z) 2 cos2 ϕij

12

))
(Pgq)ij(1, 2) = TR w12

ij

(
1− 4z(1− z) cos2 ϕij

12

)
Additional subtracted real correction, virtuals & factorization counterterms
Endpoint contributions given by

S̃(cusp)
gq = δ(s12)

2 sij

si12sj12
TR

[
2z(1− z) +

(
1− 2z(1− z)

)
ln(z(1− z))

]
S̃(cusp)
gg = δ(s12)

2 sij

si12sj12
2CA

[
ln z

1− z
+

ln(1− z)

z
+
(
− 2 + z(1− z)

)
ln(z(1− z))

]
S̃(cusp)
wl = − δ(si1)

1

2

CA

2

2 sij

si12sj12

(
ln zi

1− zi
+

ln(1− zi)

zi

)
+
(

swaps
)

Sum integrates to CMW correction [Catani,Marchesini,Webber] NPB349(1991)635
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Combination of soft and collinear expressions

Problems with existing splitting functions

Kinematical limits obscure underlying structure
Matching soft functions to collinear limit not straightforward

Different pQCD techniques for different limits
Soft limits in Feynman gauge, collinear ones in axial gauge

To understand the structure, we have to go back to basics
→ recompute in common gauge and w/o taking limits

Say that again ... How can we NOT take limits?
It’s the one thing we know how to do!
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Combination of ��
��*scalar

soft and �������:splitting
collinear expressions

[Campbell,Höche,Knobbe,Preuss,Reichelt] arXiv:2505.10408

Gordon decomposition [Gordon] ZeitPhys140(1928)630

/p+ /q

(p+ q)2
Ta
ijγ

µ = Ta
ij

[
Sµ(p, q) +

iσνµqν

(p+ q)2
− γµ/p

(p+ q)2

]
Leading and sub-leading (LBK!) soft behavior given by scalar current
[Gell-Mann,Goldberger] PR96(1954)1433, [Brown,Goble] PR173(1968)1505

Sµ(p, q) =
(2p+ q)µ

(p+ q)2

Magnetic term σνµ = i/2[γν , γµ] due to quark spin
γµ/p generates seagull interactions of scalar theory

Decomposition of triple & quartic gluon vertex even simpler (↗ Max’ talk)

Both decompositions hold at amplitude squared level [Chen et al.] arXiv:1404.5963

Separate scalar splitting functions & spin-dependent remainders
Clean identification of overlap beyond kinematical limits
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Combination of ��
��*scalar

soft and �������:splitting
collinear expressions
[Campbell,Höche,Knobbe,Preuss,Reichelt] arXiv:2505.10408

At 1-loop level, use Background Field Method [Abbott] NPB185(1981)189

Allows to derive scalar radiators that satisfy naive Ward identities
→ extension of soft current in [Catani,Grazzini] hep-ph/0007142

Clean decomposition of 1-loop splitting functions
[Kosower,Uwer] hep-ph/9903515, [Bern,delDuca,Schmidt] hep-ph/9810409

Function Scaling behavior for λ→ 0

×s−1
12 p̃2 → λp̃2 p̃1 → λp̃1

P
(1)
q̃→q̃ ∝ λ−2−2ϵ/ϵ2 ∝ λ−ϵ/ϵ2

P
(1,sc)
g→g ∝ λ−2−2ϵ/ϵ2 ∝ λ−2ϵ/ϵ2

⟨P (1)
q→q⟩ ∝ λ−2−2ϵ/ϵ2 ∝ λ−1−ϵ/ϵ2

⟨P (1,p)
q→q ⟩ ∝ λ−2ϵ/ϵ2 ∝ λ−1−ϵ/ϵ2

⟨P (1)
g→g⟩ ∝ λ−2−2ϵ/ϵ2

⟨P (1,p)
g→g ⟩ ∝ λ−2ϵ/ϵ2

⟨P (1)
g→q⟩ ∝ λ−1−ϵ/ϵ2
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Summary & Outlook

Current and future developments of Alaric:

Higher-order corrections
Spin correlations (↗ Mareen’s talk)
Two-loop splitting functions (↗ Max’ talk)

Fixed-order matching
MC@NLO for final-state evolution (↗ Peter’s talk)
Fully differential NNLO subtraction (↗ Max’ talk)

Multi-jet merging
LO implementation completed
NLO for e+e− completed (↗ Peter’s talk)

Practicalities
Release as part of Sherpa 3.1.x
Several components available in Python

40


